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1. Introduction

Let F; be the finite field of ¢ elements and F; its multiplicative group, where ¢ is
a prime power. A polynomial f € F,[z] is called a permutation polynomial (PP) if the
induced mapping f: ¢ — f(c) from Fy to itself is bijective. Permutation polynomials over
finite fields have various applications in cryptography, coding theory and combinatorial
design theory [16], and the study in this area has a long history. However, an exhaustive
classification of PPs is still elusive and looks hopeless. Recently, PPs with special forms
have attracted great attention of many researchers.

Permutations over F, having the form 2" f (a:q;dl) are a class of important PPs and
they were first investigated in [21], where d|g—1and 1 < r < q%dl. There is a close con-
nection between the PPs of this type and certain permutations of the subgroup of order
d of F;. Some classes of permutation polynomials have been found by choosing special
parameters r,q,d [4,5,17]. A criterion in terms of primitive d-th roots was proposed in
[21], and Akbary, Wang [1], Zieve [23] also subsequently investigated such kind of PPs
and proposed their criteria, respectively.

Permutation polynomials that have a simple algebraic appearance or possess ad-
ditional properties are of significant interest. In recent years, permutation trinomi-
als with Niho exponents [18] over Fg 2, i.e. permutation trinomials having the form
a2zt @~V 4 gyp52(a=1D+ have received a lot of attentions [6,8-10,12-14,22]. Under
the criteria in [1,21,23] the problem of finding such permutation trinomials can be trans-
formed to determining whether some rational functions are bijective on the unit circle.
However, due to difficulties in this procedure, known works in the literature mostly as-
sumed the coefficients to be 1 when Niho exponents are fixed, which might only capture a
small portion of the permutation trinomials for those specific Niho exponents. In fact, the
complete characterization of permutation polynomials in certain forms, even in carefully
chosen forms, are generally nontrivial. Until recently some progress was made in this di-
rection. Hou first in [9,10] determines all possible coefficients when (s1, s2) = (1,2); in [19]
the authors propose a characterization of the coefficients aj, as when (s1,s2) = (-1, 2),
which is later proved to be complete in [3,11] by the curve theory and Hasse-Weil bound.
To the best of our knowledge, these are the only two instances of which the coefficients
are completely determined.

Permutation quadrinomials have not been well explored so far. Very recently a class
of permutation quadrinomials of the form

flz) =2? (:173(‘171) + a12207 Y 4zt 4 ag) (1)

over [F2 was investigated in [20], where ¢ = 2™ for an odd integer m. By the additive
character criterion [15, Th. 7.7], the permutation problem was transformed into the
determination of solutions in the unit circle of some cubic equations. As a result, three
subclasses of permutation quadrinomials were found. However, as the coefficients in the
cubic equations are rather complex and involve a free variable stemming from the additive
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character criterion, the characterized coefficients [20] are incomplete and it doesn’t seem
to be a feasible approach to characterizing all the coefficients.

The purpose of this paper is to revisit the quadrinomials and to characterize the
coeflicients of those permutation quadrinomials more comprehensively. Due to the fact
that the quadrinomials under discussion are quadratic, we consider the permutation
behavior of these quadrinomials in a direct manner, namely, we directly investigate the
solution to the affine equation f(z+a)+ f(z) = 0 for all nonzero a in F,2. Thanks to an
observation by Hou [11] and a manipulation of the element a, we manage to thoroughly
analyze the solutions to the resulting low-degree affine equations. Consequently we obtain
a more comprehensive characterization of the coefficient triples (a1, as,as) such that
the quadrinomials in (1) are permutations. Interestingly, the new characterization not
only covers the results established in [20], but also seems to produce all permutation
quadrinomials of the form in (1) according to our exhaustive searches on small fields.
Nevertheless, the technique in this paper and the ones in [3,11] seem to be insufficient
to prove this observation.

The remainder of this paper is organized as follows. In Section 2, we introduce some
basic concepts and related results. Section 3 gives the new sufficient condition on the
coefficients of the permutation quadrinomials in (1) and Section 4 concludes the study.

2. Preliminaries

For two positive integers m and n with m|n, we use Try (-) to denote the trace
function from Fan to Fom [15], i.e.

m 2m (n/m—1)m
T (z) = o+ 2% +22 " 4. +2? .

For each element z in the finite field Fo2m, define T = 22" . The unit circle of Fozm is
defined as the set

U ={n€Fom "1 =i =1}. (2)

Lemma 1. ([15]) For a positive integer n, the quadratic equation x> + ax +b =0, a,b €
Fan,a # 0, has solutions in Fan if and only if Tr} (a%) =0.

Furthermore, when n is an even integer and Tr} (a—};) = 0, the solutions of 22 4az+b =
0 in U were characterized in [2,7,19].

Lemma 2. ([19]) Let n = 2m be an even positive integer and a,b € F3. satisfying
Try (a%) = 0. Then the quadratic equation x> + ax +b =0 has
(1) both solutions in the unit circle if and only if

b= 2 and Tl (a%) =T (L) =1;

Qlle
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(2) ezactly one solution in the unit circle if and only if

b# 2 and (1+ bb)(1+ aa + bb) + a*b + @b = 0.

The following result provides a necessary and sufficient condition for a special affine
equation to have no solution in Fon, which will be heavily used in the proof of the main
result.

Proposition 1. For an integer n = 2m with odd m, suppose that Ay, As, Az € Fon satisfy
A1As #0 and Ay + As + A3 = 0. Then the equation

Ax? + AT+ Asz+ A1 =0 (3)
has no solution in Fan if and only if Try" (ﬁf—%) =1
Proof. By taking power 2™ on both sides of (3), we have

A7 4 Agz + A3T + Ay = 0. (4)
Since Ag # 0, substituting A7 = A12? + Azx + A; from (3) into (4) gives

Biz* + Byx? + Bsx + B, = 0, (5)
where

By = A?A,

By = A3A; + A1 A A3,

Bz = Ay(AyAs + A3A3),

By = (Af + AD A + A1 AxAs.

Due to the equality A; + As + A3 = 0, it can be easily verified that B, = By = By + Bs.
Then (5) can be rewritten as

ot BudBag? 4 Bag g Bupls — (22 4o+ 1) (@ + 2+ 14 §2) =0.
Letting u = g—?, by A3 = A; + A we have

A2 (AQZQ + A3Zg) A2 A% AQZQ
u = o = — 12 —.
A1A1 Al A1 A1A1

(6)

By Lemma 1, Tr}(1 + u) = 0 means that 22 + x + 1 + u = 0 has two solutions in Fax.
Hence (5) has four solutions in Fo» since z? + z + 1 = 0 has two solutions in Fa» due to
Try (1) = 0.
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In the sequel, we will prove that none of these four solutions satisfies (3) if and only

if Tr? (ﬁj—%) = 1. Suppose that A € Fon satisfies A2 + X + 1 = 0. Therefore, for odd m,

we have
X = (Az’" + Azm_l) + (AT’H + AT’H) Foo (AN FA=T4+A
Hence
A1\ + Ash + Agh + Ay = (A1 + As + As)A + As = Ay # 0,

i.e., A is not a solution to (3). Suppose that & € Fon satisfies €2 4+ ¢+ 1+ u = 0.
Then one has

om— 1

" =+ 14w+ +u)?+ -+ (1 +u)?"

m—1 .
=&+H1+ 3w,
i=0

where the last equality holds due to odd m. Moreover, by (6), we have

Iy

(v}
Il Il
e N

2
m—1 A A A A
’ ) () (%)
and then
m—1 vy
i A A As A
Z 2 2 | A2 T ( 2_2) .
=0 A A ArAy

It can be verified that

A% + Azg + A6+ Ay

m—1 ]
= (A1 + A2 + A3)§ + Ao (ﬁ—;u+ > u? +1>
i=0

2 — — _
_ A A A Al A A A Al A
—A2<A—3(A—f+(r?) +ﬁ)+r§+xf+Tﬂ”(ﬁ)+1>

_ . m AQZQ
= AQ TI‘l (Alzl) .
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Thus, ¢ € Fan is not a solution to (3) if and only if Tr{" (ﬁ?—%) = 1. The proof is
finished. O

3. Main results

In this section, we shall discuss the permutation behavior of the quadrinomials in (1).
As pointed out by Hou [11], the coefficient a; can be assumed to be in Fam since

f(Bz) = (BZ)* + a1 (BT)* Bx + ax8°” BT + a3(Bx)?
=3 (@ + a1(B/B)T*x + a2(B/B)*2*T + a3(8/B)*x?)

where 3 € F3,,, satisfies 8%a; = 1, and ar(B/B) = B~ 172" € Fym.

Theorem 1. Let n = 2m for odd m and define

— 0
I'= {(al,aQ,ag) : 0% = 6,035,060, 7& O,TI‘T <9—4> =1,a1 € Fom,a9,a3 € an},
1

where
01 =1+ ai + axaz + az@s, 02 =a1 +azas, 03=as+aias, 04=aj+asas. (7)
Then for any (a1,a2,a3) € T, the quadrinomial
f(z) =7 + a17%x + a92®T + az2®
is a permutation of Fon.

Before proceeding the proof of this main result, we first discuss the properties of a;’s
and 6;’s given in Theorem 1.

Lemma 3. For (a1,as,a3) € T, we have

(1) 0202 + 0303 = 04(61 + 04);

(ii) 0102004 # 0 and 0205 = 0305;

(iii) 0205 + 5253 = %12—%2) and 9253 + 5293 = 03;;92 s

(iv) 0205 = 0104, or 0205 = 6164 + 2. Accordingly, we have 0505 = 03, or 0505 =
07 + 63.

Proof. (i) It can be verified that

0205 + 0505 = (a1 + @2a3) (a1 + a2as) + (a2 + a1as) (a2 + a1as)
= (a? + agag)(l + (1353)

= 94(91 + 94)
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In fact, the above equality always holds just from the definitions of #;, without the
assumption (a1, az,a3) € I

(ii) It follows from the definition of I" that 6164 # 0. Suppose 03 = a; + azas = 0.
Then 63 = 0 due to 63 = 6,03 by the definition of I'. By (i), we have §; = 64. Therefore,
by a1 = azas3, we have

01 = ]. —+ (12520,363 —+ (1262 + (],353 = (1 —+ (],252)(1 —+ a363)
and
04 = as@za3as + ax@s = asa2(1 + asas).

Thus, the equality 61 = 64 yields 1+ asa@s = as@o, which is impossible. This shows 65 #£ 0
and then 63 # 0.

The assumption 03 = 0,03 gives 0203 = 6,0303. This together with §; = 6, shows
6205 = 005

(iii) Since 62 = 6165 from the definition of I' and 6; = #; from the expression of 6, it
can be verified that

JE— 72 — p2 o) 7
0203 + 0205 = 022 + Oyt = P202Get0),

_ _ 3,73
0203 + 0505 = %

(iv) Suppose 0205 = 62 + 0,0, + ¢ for some ¢ € Fom. By 03 = 6103, we have 53 = 0105
and then

(9252)2 = 0%0353 (8)
Multiplying both sides of the equality in (i) by 67 gives

020505 + 020505 + 0204(61 + 04) = 0
& 02050 + (0205)% + 020,4(61 + 04) =0
S 0307 4+ 0104+ c) + (07 + 0104 + ¢)* + 0704(0, + 04) =0
s +0c=0.

That is to say, ¢ = 0 or ¢ = 7. When 605 = 0,04, by (8), we have 6303 = 67, and
0303 = 0% + 02 can be similarly proved for 6,05 = 02 + 616,. The proof is finished. O

In the following, we will express as and a3 in terms of a; and 6;’s. Observe that

a10 + azls = a1 (ay + axas) + az(@s + a1az) = 0y,
azfs + 05 = ag(ag + CL163) + a1 + asaz = a1(91 + 94).
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Then we have

4y = a102 + 0, and a3 — a1(91 + 94) + 92- (9)
93 93
Let
u =0y + 0s. (10)
Then (9) gives
nn ya) ya) 2
dy+ Ty = a1(9293 + 9293)74- 94(93 + 93) _ a10202u -l— Oiu 7 (11)
6393 010393
_ _ _ 5 3 _
as +E3 _ a1(91 —+ 94)(03 —+ ?3) + 9293 —+ 9293 _ (11(91 —+ 94)’LL —tu —+ 0292’&’ (12)
9393 910393

and

a%dg +E§a3 = a2(02 +§2 —+ 62043) +62(92 +§2 —+ (1263)

_ a192§2u2 + 94u3 + (94 + a%)(m (91 + 94)u2 +ud+ 92@211,) (13)
010503 '

Lemma 4. For (aq,as,a3) € I and a; = 1, we have

T (((1 +a2)(1+ag))) .

as + 53)(&2 + as

Proof. By (9) and a; = 1, we have

01 = asay + azas,

02 = 14 G2as,

03 = ay + as,

04 = 1+ azao,

_ 02+6

as = 2‘93 4

- 02§2u+94u2
a9 + Gy = L%2utlau
2 +az 010303

Then 93@3 = (52 + Eg)(@g + a3) =0, +605+ ?2. Since 9353 = (025%2)2 due to 6‘% = 9153

by the definition of T, we have 6y + 0, = 6; + %, ie. O2u = 03 + (0202)%. Let

__(+az)(1fa)
= Gt atey Then
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94 0252’& —+ 04’(1,2 0%94 92520i’u + 949?%2

0

0503 01(0303)? (620,)2 01 (0303)?
036, 020201 (63 + (6262)?) + % (69 + (6202)*)
 (6202)? (6202)*
620, 6 6, 6096, 6,

(0502)% ' (0205)3 050,  (0202)* 61

By Lemma 3 (iv), either 0505 = 01604 or 0505 = 0? + 010, holds. When 0205 = 0164, we
have Q; = Z—;‘. When 6,05 = 62 + 0,04, observe that 01 # 64 due to  # 0. Then

94 01 1 9194 04

0 = %

VT O T 02 G027 Gt 0 G0 0y
B 66
OEY AR CET

Thus, the equality Tr7* () = Tr" (g—‘;) = 1 always holds in both cases. O

Lemma 5. For (a1, as,a3) € I' with asas = asas, we have

T (a3 + ara3) (a3 + aias) 1
! (a3 + ar1a2)(as + a1as) '

Proof. Since asas = agas, 0;’s can be rewritten as

>
S
|

=1+a?,

02 = a1 + azas,
03 = Gy + a1as,
(1% + asas.

>
Ny
|

_ (a34aia3)(@3+a1ds)
Denote Q2 ~ (az+aiaz)(az+aiaz)

62 = 6,05 from the definition of T and u = 65 + 2, then fafs + G203 = %202¢ and

E — 1
0203 + 0203 = %1292“ by Lemma 3 (iii). Since

and it can be expressed in terms of 6;’s. Recall that

0202 = (a1 + @zas)(ay + azas)
= a% + aq (92 + ?2) + 11252(1353

2 2 4
= ay +a1u—|—94—|—a1,
we have

au = 9252 + GZ + a%@l (14)
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due to 01 = a? + 1. The denominator of €2, is

(a3 + a1a2>(63 + alaz) = aszaz + a?agag +aq (92 + 52)
= ast@iz2(1+a3) + aru = (04 + 01 + 1)01 + 0205 + 605 + (1 + 61)6,
= 9252 + 93 + 0104 (15)

and the numerator of €y is

(a% + a1a3)(ﬁg + alag) = (0&62)2 + a%agag + al(agﬁg + a%ag)
aju (92 + (1 + 91)(9252 + 9194))

=(014+04+1)04+ =
(61 4 )04 0,005

. (16)
The equality (16) holds due to the numerator of (13) and

a10505u2 + 040> + a1u2(01 +04)04 + w30, + 0505041
+ adu?(0y + 04) + a2u® + a’uby0,
= a1u? (0205 + 0104 + 603 + a2 (01 + 04) + a1u) + uba05(04 + a?)
= a1u?0y + ubaB5(6 + 604 + 1)
= u (0202 + 03 + a301)04 + 0205(01 + 04 + 1))
= u(0] 4+ 0104(1 4+ 01) + 0205(1 4 60y))
=u (03 + (14 61)(6202 + 616y4)) ,
where the equality (14) and the fact a? = 1 + 6; are used.
By Lemma 3 (iv), either 0205 = 0104 or 0205 = 67 + 6160, holds. When 0205 = 0,0y,
together with the fact 303 = 6% and (14), we have Qy = z—‘l‘ by (15) and (16). When

0505 = 610, +6%, we have 0405 = 02+ 6% and aju = 010,403 +0;. Thus, the denominator
of Q5 becomes 02 + 62 and the numerator equals

(0104+602401)(03+62+63)
(1461 +04)04 + — 941(9;4-944)2 ! 13 ] o
=04+ 94(91 + 94) + 04(01+04) +91(31?‘091<:391‘)i2194(91+94) +67

2
= 0461 +04) + 794(019—1_94) + 61 + 63 + —(91?@4)2.

Therefore,

0, 0, 0, 02 07

0y = Ay .
S P R (A A (R I AT

That is to say, Tr"(€2) = 1 holds in both cases. The proof is finished. O
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Lemma 6. For (a1,a9,a3) € I', if there exists an element A € U such that 61 +O050+02) =
0, then
0252 = 0194, 0353 = 92 and 0%93 = 9192

Proof. By Lemma 3 (iv), either 6205 = 0104 or 6205 = 62 + 616, holds. The equation
01 + O2) + G2\ = 0 is equivalent to

01 02
N+ =A+==0,
02 02

which has solutions in U if and only if

0252)
e (— =1
1 0%

by Lemma 2. The case 20 = 07 + 6,04 means that Tr}" <%) = Tr" (1 + %) =0
due to odd m. Thus, by Lemma 3(iv), we have 0205 = 60104, 0305 = 67, and then
0305 = 010505 = 6167 due to 03 = 6,65 by the definition of . O

Lemma 7. For (a1,as,a3) €T and A\ € U, we have
)\3 + al)\Q + CLQ)\ + as 7£ 0

Proof. We will finish the proof by contradiction. Assume there exists some A € U such
that A3 + a1 A2+ asd + a3 =0, i.e.

/\2()\+a1) = as )\ + as. (17)

If \=a;, we have a; =1by 1 = M\ = aiay = a%, and then az = a9, a contradiction to
the assumption 6; # 0. Thus, A # a;. By (17), we have

)\2()\—1—&1) ‘)\2(>\+(L1) = (G,Q)\-l-ag) . (az)\+(lg) (].8)
& 1+at +ai )\ + a1\ = ag@y + azaz + ax@s\ + Grazh
& 01+ 02+ 02 = 0. (19)

By Lemma 6, (19) holds only if 6205 = 6,60,. By plugging \? = % into (17), we get

0N+ 0
1_——”()\+a1) = as\ + as
0
@€—1A2+(M+a2>>\+ai—92+a320
02 02 02

02 Oy +aif 016 0
oL+ 2T g A+ 22+ B2 g =0,
0, 02 0, 02
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The last equality gives

N Oibataibals tasly 6162+ ai6ib + ashif
02 + 0205 + a10,0, + a2§§ 07 + 0104 + 16105 + a20:0;
 abytazfs+0x a104 + a3 (@2 + a1a3) + 02
01404 +a10s + asfs 01+ 04+ ai(ar + axa@z) + az (@2 + a1as)
=g, =

As mentioned above, A = a7 is impossible. The proof is finished. O
With the proceeding preparation, we now give the proof of the main result Theorem 1.

Proof of Theorem 1. It suffices to prove that for any a € F3., the differential equation
f(z+a)+ f(z) = 0 has no solution in Fan. Let 2 = ay. It is equivalent to showing that
f(a(y+1))+ f(ay) = 0 has no solution in Fon. With the expression of f(x), the equation
becomes

@GP +7+1) +a@a@ +y+1) +axd®ay® +7+ 1) +aza®(y* +y+1) =0.
By letting A = % € U and rearranging the terms, we can rewrite the above equation as
ey’ + ey’ + e + ey + e =0, (20)
where the coefficients

€1 =X+ a2, e = as)\ +as,
1 \ 1 2 2 , 3 (21)
63:)\ +(12>\, 64:(11>\ +a3, €5 = €] + €3 = €3 + €4.

Hence it suffices to prove that for any A € U, (20) has no solution in Fa». From Lemma 7
it follows that e5 = A*>4+a; A% +as A +az # 0. Based on Proposition 1, we shall investigate
the solution to (20) in three cases: €1 = 0; €2 = 0; and €1e9 # 0.

Case 1: ¢; = 0. In this case we have A = a; = 1 since a; € F, and €3 = €5 # 0, and
(20) becomes

€2y° + €37 + eay + €5 = 0.

We also have e3 # 0, otherwise as = 1 and then 04 = a% + asas = 0. This is impossible
by Lemma 3 (ii). Since e + €3 + €4 = 0 and €5 = €3, by Lemma 4 we have

o (22) = (G e ) =
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By Proposition 1, (20) has no solution in Fan.

Case 2: 2 = 0. In this case we have A = 22 and €; = €5 # 0, and (20) is equivalent to

eyl + ey + 3y +e5 = 0.

We claim e; # 0. Otherwise ag = a;\? and then agaz = a1\? - a1 \2 = a?. Further,
€2 = az + asA = 0 implies that asas = asas. Thus, a% = agay which contradicts with

. 2 ag a§a3+a1a§

0, # 0. By e =0, i.e., asA = a3, we have ¢4 = a3 + a1 \° = a3 —|—a1a—% == and
3 2 3 2

a=N+uN=%+0% = % Again by asas = asas, we have
2 2 2

€4€4 0@62@353(&% + 6”@3)(6% + (1163) . (a% + (11(13)(5% + ang)

€6E a%a3(as + araz)(as + ards) (a3 + araz)(as + araz)’

€1€1

Lemma 5 implies Tr}" (@) = 1. Then by Proposition 1, (20) has no solution in Fan.
Case 3: €162 # 0. By taking power 2™ on both sides of (20), we have
@y’ +ey’ ey eyt =0 (22)

By multiplying both sides of (20) by € and (22) by €;, and then adding these two
equalities, we have

Ty + 7Y + 13y + 74 = 0, (23)
where

T| = €1€1 + €g€2,
Ty = €1€4 1 €2€3,
T3 = €1€3 1 €26y,

T4 = €1€5 + €2€5.
It can be verified that
T1+To+T3=¢c1(€1+€ +€)+e(ea+e3+eq) =e€163+ 661 =0 (24)
and
Ti + Ty = €1€1 + €262 + €165 + €265 = €1€1 + €262 + €1(€1 + €2) + €2(e1 +€2) =0, (25)

due to € + €3 + €3+ €4 = 0 and €5 = €1 + €2. The proof proceeds in two subcases 75 = 0
and 75 # 0.
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Subcase 1. 79 = 0. The equalities

€1€4 = (/\3 + al)\Q)(CllXQ + 63) =m\+ a% + 63)\3 + 0,163)\27
3263 = (EQX-FEg)()\S + ag)\) = 04263)\ + asaq +53>\3 + 52)\2,

give

To = (a1 + aga;g))\ + a% + agas + (52 + a163>)\2

= A0 + 03\ + O40).
Similarly, we have

=\ + a1)\2)(X3 + a1X2) + (agA + a3) (@A + a@3)
=01 + O\ + O\

In the sequel, we will prove that 7, = 0 if and only if 74 = 0. When » = 0, i.e.
0y = O3\ + 04\, we have

0202 = (05) + O40) (G5 X + O4)\) = 0505 + 02 + 050402 + 5041
By Lemma 3 (i), we have 610, = 030,)\% + @394X2, which indicates
9% + 010522 + 0,052 = (6, + O\ + 92X)2 =0.

Then 71 = 0. Conversely, suppose 71 = 0. From Lemma 6, we have 6,60, = 6,6,. By
01 + B2\ + B2) = 0, we have

52(91 + O ) + 52)\) =6 (52 + 040 + O3\,
which means 72 = 0. This together with (24) and (25) gives 71 = 72 = 73 = 74 = 0,
which is equivalent to
€2 € € €3 €5

where €5 # 0 by Lemma 7, and e3eq4 # 0 by 0 = 70 = €1€4 + €2€3, 0 = T3 = €1€3 + €a¢yq,
€5 = €3 + €4.
By multiplying both sides of (22) by €5, we have

Ere5y” + €257 + E3€5y + €457 + €565 = 0.

Let z = €1€e5y% + €365y, and the above equation becomes z + Z + esé5 = 0. If
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E165Z €12
oy (-22) =Ty (-2) =1
6365 6365

holds for any z satisfying z +Z + e5€5 = 0, by Lemma 1 the equation z = & e5y? + €3€e5y
about the variable y has no solution in Fa» and then (22) has no solution in Fa». Note

that
312’ Elz 613 El €1 €1€5
T () =T |5+ 5= | =To]" >+t ]zt —5 ).
€3€5 €3€5 €3€5 €3€5 €3€5 €3

Thus, to prove Tr} (:glei ) =1, it suffices to prove the following claim:

Claim:

e - = 0, which is equivalent to % € Fam;

L]
€ses €3

- T (ag) = 1.
€3

The proof of the claim involves heavy calculation and is rather lengthy. So it is provided
in Appendix.

Subcase 2. 7o # 0. From the above discussion, we have 7y # 0 since 75 = 0 if and only
if 71 = 0. By Proposition 1, to prove that (23) has no solution in Fa., it suffices to verify

ﬁT<”P>1.
T1T1

It can be verified that

ToTo _ 9252 + 9353 + 93 + (92(93 + 5294)/\ + (5253 + 9294)X + 5394X2 + 9394/\2

T1T1 0? + 9%X2 + ?3)\2

_ 0104 + (9203 + 5294)/\ + (§253 + 0204)X + 5394X2 + 9304/\2
02 + 03N + OIN2

)

where the second equality holds due to Lemma 3 (i). -

In the case 0205 = 6,6,, combining with 03 = 6,65, we have 5 = g—;‘, i.e. O205+0,0, =
0. By Lemma 3 (i),

_ 7 72 2
ﬂT<V?>_ﬂ? &&+%%2+%&A _Tﬂ<@>_1
TIT1 02 + 6105) + 010572 01
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In the case 6205 = 610, + 62, we have

o7y _ (014022 +020)04+0205\+8205 A +05047"+0504 1>

T1T1 (01+92X+§72)\7)27
= 64 +

01 (0203 A+0203 3 +0504 1" +030472)

01402 A+602 M . _91(9_1—‘1-02)\—";92)\_)2
_ 64 i 0202 A+0202N+020, 3> +050, 72
01+022+02)1 01(01+022+6020)2
9292(91+92)\+92>\)+94(91t92i\+92)\)2+919292+9f94 0s

‘21(91+92>\+92)\)22 01+02A+02\

— 0g 4 (0r0a407) 0 _ + s _

6, 91(91+02)\+62)\) (914;02)\+92>\)2 01+02 A +02\
04 0,
91 + 91+92X+§2k +

ToTo 04
v (22) e (24 — 1,
£ (Tﬁl) & <9l>

By Lemma 3 (iv), either 058, = 6104 or 0205 = 02 + 0,0, holds. Thus, Tr™ (gg) -1
holds in both cases. The proof is finished. O

1
(91 +92X+§2 >\)2 ’

and then

The following is the main result of [20].
Theorem 2. ([20]) Let m be an odd positive integer and n = 2m, a,b,c € Fan. Then
g(x) = T + aZ’x + bxx? + ca®
permutes Fon if one of the following three conditions is satisfied:

1. ¢ = 1, a satisfies \a+a+ X # 0 and b = Na + 1) + 1 where A\ € Fan satisfying
A2+ A+1=0;

2.¢c=1,b=a+1anda+a+1+#0;

3. a,b,c €Fgm, A=ab+c, B=1+a+b+c#0 and C = a®+ b> + ac + b satisfy: if
C =0, then Tr" (#) = 1; if C = B2, then Tt* (4 ) = 0.

In the following we will describe the relations between Theorems 1 and 2. Since
there are no assumptions ¢ € Fam in Theorem 2 (1) and (2), by the analysis be-
fore Theorem 1, if a # 0, we choose § € FJ,, that satisfies B%a = 1 and let
(a1,a2,a3) = (aB/B,b(B/B)? c(B/B)?). Note that if a € F3n, then 8 € F3. and
(a1,a2,a3) = (a,b,¢). When a = 0, the coefficient triples (a1, as,az) coming from Theo-
rem 2 (1) and (2) are {(0,A\+1,1),(0,1,1)}. Then we have the following proposition.

Proposition 2. Let (a1, a2,a3) be defined as above, then (a1,as,a3) € T.

Proof. Tt is obvious to see that {(0, \+1,1),(0,1,1)} C I'. We need to consider (a1, as, as)
from a # 0. For Cases 1 and 2, by ¢ = 1, it can be verified that azas = 1 and
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91=1+a%+a262+a363=a6+b5,
0> = a1 + azaz = (a+b)3/B,

03 =@ + a1z = (a +)(B/6)*,

04 = a3 + agay = 0;.

Then TrT(%) = 1 is obvious, and it suffices to verify that 53 = 6103, which is equivalent

to
(b+a)? = (b+ a)(aa + bb). (26)
(1) b= Aa+ 1) + 1 where A2 + X + 1 = 0. The left-hand side of (26) is
1+ X (@®+1)+a% = Na* +1) +a® + @,
and the right-hand side equals

ANa+1)+1+a)(Ma+Xa+a+a+]1)
=a(@+1)+ala+ 1)+ Na@+1)
+Xa(a+1)+ANa+1)(a+a+1)+(a+1)(a+a+1)
=ANa(a+)+a@+1l)+ala+1)+(@+1)(a+a+1))
+a@+ 1) +aa+ 1)+ (a+Da+a+1)+ @+ 1(a+a+1)
= A1+ a?) +a* +3a*
Thus, the equality (26) holds.
(2) b = a+1. Then (26) holds due to b+a = a+a+1 = b+a@ and 6 = aa+bb = a+a+1.
(3) We have
01 =1+ a3 +ax@z +azaz = (1 +a+b+c)?,
0> = a1 + asaz = a + be,
03 = as + ayasz = b+ ac,

04 = a%—l—agﬁg =a® + b

From the definitions of A, B, C' and Lemma 6 of [20], we have

e (3)-ne (439

Furthermore, we have
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03 4+ 0105 = (a +bc)®> + (1 +a+ b+ c)*(b + ac)
=a®+ b2 + b+ ac+ a’b + aPc+ b2 + ab’c + b + ac®
= (ac+ b+ +1)(a® +b* + ac+b) = (B> + C)C,

which is zero from the assumption. 0O

From Proposition 2 we see that the three classes of coefficients in Theorem 2 are
included in Theorem 1. According to a computer verification, the number pairs of coef-
ficient triples covered by Theorems 1 and 2 are (442,100) for n = 6 and (31714,1924)
for n = 10, respectively. This indicates that Theorem 1 indeed covers more coefficients
than Theorem 2.

The following example shows that there exist coeflicients in Theorem 1 that can not
be deduced from Theorem 2.

Example 1. Let ¢ = 2% and w € Fys with the minimal polynomial m(z) = 2% +2* + 23 +
x + 1. It can be verified that

f(@) =2 + 2" + wa'® + w323

is a permutation of Fos by Theorem 1. Then the triple (a;,as,a3) = (1, w, w3®) does not
come from Theorem 2. Otherwise, we must have had asas = 1 or ag € Fom from the

discussions in Proposition 2.

It is worth noting that our magma program indicates that Theorem 1 covers all the

3 is a permutation of Foom for m =3

coefficients a;’s such that Z° + a1 F2x + asTx? + asz
and 5. From our investigation of the permutation behavior of these quadrinomials, we
believe the characterized set in this paper is complete. Nevertheless, our techniques as
well as the ones in [3,11] seem insufficient to address this problem. We cordially invite

interested readers to attack it.
4. Conclusion

This paper provides a sufficient condition on the coefficients that make quadrinomials
having the form as in (1) permutations. The new characterization gives a more concise
description on the coefficients and improves the results of [20]. Further, the numerical
experiments on small fields indicate that all the possible coefficients might have been
covered. We believe that the sufficient condition is also necessary, however, we cannot
prove the necessary direction yet.
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Appendix A. The proof of the Claim in Theorem 1

Recall that all the following discussions are under the assumption X + 2\ +6; = 0
for some A\ € U, which indicates that Lemma 6 holds, i.e.

0205 = 6104, 0305 =62 | 0265 = 0,63

We will use the facts that 62605 + 0205 = Osu, as63 +T203 = ayu, the expressions of as, ag
from (9),

auby + u? _ ai (0 + 01)u? + ud + 6104u
— 5 3t a3 = 3
9194 9194

as + a9 =

by (11) and (12), and

a1u?6y + v ay (01 + 04)u? +ud + 0104u

—2 2
503 + aAsa3 = 9194 + 9194
a3 (0 + 0,)u® + a3u? + a?60104u
6,02
B a1u?ly + 0104u  a3(01 + 04)u? + adu + a36,04u (27)
016, 60,03 '
(1) To prove 52 + -5t = 0 is equivalent to proving

€3 €3

61€5E§ = €1E56§.

Since 122 = (A3 + ar X)X +@N)2 = A +a)(X +@2) =X +arh + @A+ a2, we
have
61€5E§ = (Xg + a1X4 + @A+ a1a2) (N3 + a1 A% 4 ag\ + a3)
—2 -3
=14 (a? +ax)\" + (aras + az)\” +as(a? + azx)\* + @2 (ajaz + az)\
+ a1a3X4 + alﬁgag + 65/\4.

By taking power 2" on both sides of the above equality and then adding these two
equalities, we have
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—4 2
€16565 + E@1E565 = (a3 + araz)\ + (a3 + a1@z)\* + (a] + ag + a3az + ala3)\
-3
+(a? + Ty + T2as + a2a2) A% + (a1az + az)N + (a1@s + a3)\3

+as(araz + az)\ + a3(a1@z + az)\ + a1 (@az + a3as).
It suffices to prove that
CIN + TN + CoN2 + CoX + C3A3 + Tk + CA+ Cx+C5 =0 (28)
under the assumption G\ + O\ + ;1 = 0, where

Cy = a3 + a1as,

Cy = a3 + @y + Gaas + alas,
C3 = a1az + as,

04 = E%(alag + a3)7

Cs =ap (6%(13 + 0363).

By recursively using A\ = %)‘ —+ g—z, we obtain

)\3

8 02\ — \0iH0202 | 0.0, _ 3 07+0:101 | 6,0,
A (92 A 92) 0, o, [ 95
(29)

4 _ 03 (0, 0 03 _ 03 02(07+0164)
_ B (oy g 02 4 000y 0a(6it0a0n)
Me=gleAtn) g - a T

which can be used to rewrite (28) as A\ + A\ + B = 0, where

03 0, 02 + 60,0,

A=Ci— +Cy=— + C3——— +Cy,
0, 02 0,
05(6% + 6,6 — 05(0% + 6,0 s — 6
B=C; 2(1:14)—%01 2(1—2 14)+02——2+Cz—2
0, 05 02 02
0.6 —_ 6.0
+C3%+C3%+a1(5§a3+a§53)~
2

2
In the sequel, we will show that A = B = 0. From (9), we have

(algz + 94)(@192 + 94) _ a%9194 + a194(92 + 52) + ei

0y + a? = asds = -
e 2 0303 03

which gives

a3(0y + 04) + aru+ 04 + 07 =0, (30)
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where u = 05 + 0. Note that

Aag = 9:1501 + 91§302 + 61 (91 + 04)?203 =+ 5204
= 01(02C) + 02Cs + (01 + 0)82C5 + 0205C).

Thus,
A=0«& 9%01 + 5;02 + (91 + 94)5203 —|—520304 =0. (31)

From

05+ 04\ 01 +0,) + 0
Clza§+a153:<m 2;1- 4) +a1a1( 1+7 1) + 02

93 83
_ a%ﬁ% + 92 + a%(el + 94)53 + a152§3 _ OZ + a%04§3 4 a1§253
a 72 - —2 )
0, 0;
2.4 I 2 o a1 +04 — ) )
G =@l e bam) = o 572 (93(1 + 04+ ay) + aj(ai162 + 94))
3
—a?+ (@102 + 04)(1 + 04 + a?) N al0y + a30s
=a3 S h 7
93 93
and
_ ) _
Cg =ai1a2 + a3z = aq a162_+ 94 + a1(91 +_94) + 62 _ a102 +C_l]_91 —+ 92’
03 03 05
2 o7
Cy = E%(alcm +a3) = <a102_+ 04) 102 + a161 + 6,
93 93
_ a1030> + a030> + 076103 + a1610% + af63 + 0203
030, ’
we have

559%01 = 6%(92 + a%94§3 + a1§2§3) = 9%92 + a%91949§ + a19f9492,

where the second equality holds due to #2605 = 0,6, and 0,03 = 63. Similarly, other three
terms related to (31) are

5§§§C2 = a%éi?i + §§§g(a192 +04)(1 464 +a?) + aiagmel + a263)
= a202(02 + 03) + a%0202 + 010,020, + a20202 + 10,030, + 030,020,
D201 + 04)05Cs = (01 + 02)0203(a20 + 10, + Os)
= 02010402 + 020202 + 01020405 + a,0,0205 + 620> + 6,03
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and

05050504 = 05(a0205 + 026205 + 030162 + 410,02 + 203 + 0,62)
— a2020% 1+ 420205 + a2020.405 + 410,020 + a20,0402 + 6,05,

Then adding these four equalities together gives

05(62C1 + 0,C + (61 + 04)02C5 + 0505C1)
= a260%0% + 416160305 + 30,0205 + 02010402 + 41616205 + a3626,6,
= a260202 + 1010402(02 + 204 + a105 + 04 + a26;)
= a?@%ﬂz + a160104620,05 = 0,

which means A = 0.
From the expression of B, we have

BO30, = 03 (61 + 02)(B2C1 + 03C1) + 0363(05C + 05C)
+9:1394(02§303 + 520363) + 9?92&1 (5%@3 + a%ag).

Then, to prove B = 0 is equivalent to showing that

61(01 + 94)@;01 +05C1) + 01050502 + 05C5)
+ 9194(02?303 + 529363) + alﬁlei(agag + a%ag,) =0. (32)

Combining the expressions of C;’s, we have

01(01 + 94)(01532) + C103) = (01 + 04) (01 (a304(05 + 03) + a1(0205 + 0203)))
= a%u29194 + a?uzei + a1u9594 + a1u9192,
0103 (03C5 + 05Cs) = ayub, 07 + aiub 05 + ayud, 63,
0104(0203C5 + 0205C3) = a3u®6104 + ayub?é,,

and

010103 (G3as + a3as) = a103(a104u> + 010,u) 4+ a104(a301u* + a304u” 4 a3u® + at6,0,4u)

= a?u?03 + a1ub1 03 + atu?0104 + atu?0? + aSud, + adub 62,
The left-hand side of (32) becomes
a3u*03 4 a2u*03 + atu®0,04 + atu?0? + aduP0y = atu0,(04 + 03 + a0, + a0, + ayu),

which is zero by (30). This proves B = 0.
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(2) Tt remains to prove that Tr}" (%) = Tr" (@) = 1. Let Q3 = “c%5%,
3

(€3€3)?

Since €5 = €1 + €2 and €1€1 + €262 = 0, we have Q3 = % Note that

6161:(/\4—(11)( a)—1+a1+a1/\+a1/\
€1€y = )\2()\ + (11)( X ) = )\2(a2 + CLl(lz)\ +63)\ + (1163),
+a

63%3 = ()\2 —|—a2)(x ) 1—|—a2a2 + CLQ)\ —|—a2)\

we have
€182 + Erea = A2(05 + ay@ah + GsA) + A (B3 + azaz) + ash)
— TsA® 4 ash + 0502 + 05X + ar@a) + ayash
and then
Qs = (14 a? + a1 A+ a1 \) (@3 + ag)\ + 93)\2 + 93)\ + a1as\ + alag)\)

(1 + asas + CLQ)\ + a2/\2)

By using fa A+ 02X +60; = 0, i.e. A2+ 01 )\+ 02 = 0, we can rewrite ()3 as a linear fraction
of X\ and \. Note that

as (9% + 0252)X n a30102 a301§2

—3 a
s\’ +az\” = — + —
7 03 7 03

due to (29) and

05605 + 5353

93)\2 + §3X2 = gg)\ + HQX + === - = 0.
0264
Then
63/\3 + CL3X3 + 93/\2 + 53X2 + a1\ + alagx £ M + M + N,
where
M= 63(9% + 92?2) ¥ aydy = (61 + 94)(&1(91 + 94) + 92) + a%9293 + a19493

7 0303
and N = %?LO + 6, since
30100 asb10>  asby  asfy 30205 + as0,05
?; 03 03 05 0305
02(a1 (01 + 04) + 02) + Oa(a1 (61 + 04) +62)  aru(br + 64)

01 01
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The numerator (14 a? + a1\ + a1 \)(MA + M) + N) equals

(14+a?)N + a1 (M 4+ M) +a;NOA+X) + (1 +a3) (M4 MN)

91 92

02 — (6 _
+a1M( A+ >+a1M< X+ >A11A+11A+J1,
0 0 62 B2

2

where I = ayN + (1 +af)M + —alg;”)l and

Ji = (14 a})N +ay (M + M) + 2412 4 0110

2

= (1 + a%) (01 + %ﬁ) + (0% ((91 + 94)U + a%(0293 —|—52§3) + a104(03 + 53))

M63+10,;
T (01462) (014602 | a2010suta0su®
_ 2 aiu aiu a76010sutaibsu MOs5+M6O
= (1+4aj) 91"‘31 9% + 2‘21 9% Ly 4919214 + a; 394 =
= (1+a})b; + “1“<g%+94> | afu 01+a101§<91+94>94
by
— _ 6, +6 01 + 04) + 02)03 + (a1(01 + 04) + 62)6 _
M03+M03 _ ( 1 4) ((al( 1 4) 22 3 (al( 1 4) 2) 3) +a%(92+02)
0305
01 + 04) (a1 (01 + 04)u> + 610,41
:a%uqt(l 4)(a1(61 24) 14)
6103
From

N ) [29)
DA2 4 agh = 20N T @0 | Gt
0 0,

we have the denominator of (23 as

3292>\ + CQ?QX n M) 2

1 _
( + asas + o, 0,

2u? 1 0 0 2 (6~ 6
-1 22, MU L [0 (U1 1 02
+ (04 +a7)” + P2 +9§ as0; 92A+02 + a30, 92/\+92

£ IZA +72X + Ja,

where

I, — 6,a202 _ az03
2 - 92?2 - 92 ’
_ 2 4
J2—1+04+(11 920202
alu (01+94)

= 1+9§+a§*+ 5

03)°

due to the fact @203 + aﬁi = 01(@203 + a203) = ajud;. Therefore,
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LA+ LA+ 1 LA+ 110X + J105
T A+ TN+ Jo Do + Ioboh + Jobs
Lo+ T1(02\ + 60y) + J165
Lo\ + To (02X + 01) + Jo0,
(105 + T102)\ + 116, + J10,
(I30 + T202)\ + I26; + Jofy

To finish the proof, it suffices to prove that

1.0, + J105 Lo, + 1,0,

= = — (33)
12601 + Jaba  Ix05 + 1202
and
I 1,6
v (M) —1. (34)
1505 + 1504
The equation (33) is equivalent to
(7191 + J192)(1292 + 7252) + (7291 + J292)<I192 + 7192)
= Oo(T11260, + 111201 + I3J10o + 11 Jo0s + ToJ105 4 11.J205) =0
=4 J2(1192 + 7152) + J1(1292 + 7252) + 01([172 +71]2) =0. (35)

Since

10203 = 03M ((1 + a?)f2 + a101) + a1 NO263
= (a%9293 + a16304 + a1(91 + 94)2 +§2(91 + 94)) ((1 + a%)% + a191)
+a1016205 + au(6, + 04)0,,

by multiplying both sides of the above equality by 62, we have
11529293 = (0%0593 + a1020394 + a1(91 —+ 94)292 + 9252(91 + 94)) ((1 —+ a%)?ﬁg + (119192)
+ aﬁﬁi?ﬁ% + a%u(@l + 94)529%
= (a%@lei + a1620304 + aq (91 + 94)292 + 9194(91 + 94))((1 + a?)9194 + a19162)
+ 1620305 + a2uba60,04(61 + 04).

Then

110207 = (a1010F + 0104(01 + 04))(1 + a3)04 + (a70105 + 0104(61 + 04))a102
+ (a1020504 + a109(01 + 04)*) (1 + a?)b4
+ (CL1029394 + a192(01 + 94)2)@102 + a1619202 + a%u9294(91 + 94) (36)
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and

(110 +1,0,)63

= (a36103 + 0104(01 + 04)) aru + (a104(0203 + 0203) + aru(6r + 04)%) (1 + a?)bs
+ a2u? (01 + 04)* + a1ub03 + a>u0,(01 + 64)

= ajub105 + a1u(0304 + 0103) + a1ubi (04 + atby)
+atu? (01 + 04)* + a1ub 03 + atu0,(01 + 04)

= atub103 + ayubr 07 + a3ub30, + a3u®0} + a1ub, 07 + afu’0,0,

= a?u?0? + a1ub104(a304 + 04 + a20, + 07 + aru)

= a?u?63.

That’s to say,

10s + 110, =
It’s easy to see that

a3 + a%@é _ 0%(agbs 4+ 2035)*  aiu’6}
03 B 03 A
4 4 4

L05 + 1505 = = 105 + 1105,

which means that (34) holds.
In the following, we begin to compute I115 + I1I5. By multiplying both sides of (36)
by

— — —4 _
120202 = a%GZ = 0%((1203)2 = 0%((1102 + 94)2,
we have

1172925292/%
= (a1§2 + 94)2 ((1 + &%)94 + a192) (0%9192 + a1020304 + a162(61 + 194)2 +6104(01 + 94))
+ ((1192 + 94)2 (a1919202 + a%u9294(91 + 94))

= ((1 + a%)@i + aﬁﬁi + a%(l + a:f)5§04 + a‘;’919452)
: (afelei + 1020304 4+ a102(01 + 04)* + 6,104(61 + 94))
—+ (a1§2 + 04)2 (a1919202 —+ a%u0204(01 + 94)) .

Denote these two products by P; and Ps. It’s easy to see

Py = a301030505 + a1010202 + aubs0304(01 + 04) + a2ubs03 (61 + 0,)
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and

Py + Py = a3ub?0] + aju?0,03 (01 + 04) + ayub10; + aiu?03 (01 + 04)
= aufi0] + aiu’60?0% + au?0,03 + a1ub 105 + a?u0,03 + a2u6].

To compute P; + Py, we write (-) to denote the conjugation of the front terms for short,
that’s to say,

(1+a})03 (a610F + 0104(01 + 04) + 1020304 + a102(01 + 04)%) + ()
(1+a})03 (a104(0205 + 0203) + aru(6y + 04)?)
(1+a2)63 (a104u + aru(07 +63))

= a1u9f94 + adub?63.

Similarly we have the other three sums of the terms and the corresponding conjugations
of P; as

10207 (a0107 + 0104(01 + 04) + a1020504 + a102(61 + 04)%) + ()
= aSuf105 + a1ubi0; + a1ub 0] + atu6303 + alu0],
—2 —_
a%(l + a%)0294 (a%@ﬂi + 0194(91 + 94) + a1029304 + (L192(91 + 94)2) + ()

6,20 g3 4 2,20202 | 2,29 p3 | 4, 29202 | 3393 | 5 393 | 3 9352 5 53092
= ayu010] + aju 0705 + aju 010; + aju 0707 + aju 0 + aju’0; + ajubi 05 + ajubio;
and

a3010,405 (a%9195 + 0104(01 + 04) + a1020504 + a102(01 + 94)2) + (_)
= aub?03 + a3ubi03 + adub?03 + aju’0,03.

Adding these equations together, we obtain
(ITy +1,15)0,0] = 03(Py + Py + Py + Py)

= 0%(aSufi0] + arub,05 + a3ub,0; + arub, 05 + aSu?6,03 + au63
+ aiu0} + aSubi0; + alubiog)
and
(I1Ty + 1,1,)0,63
= 0%(a3ub203 + ayub103 + a3ub 6% + ayub, 0% + aSu?6,6,
+a3ub0y + aSu0y + adub? + aSub?o,)
= a ub?(a20%(02 + a201 + a20,) + ajub104 + aju’0y + a3u’0y + a30,07 + 6,03 + 0,07)
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ayub?

103 (a1u + 04) + ajub104 + atu?0y + afu0s + a36,05 + 0,035 + 0,07)

(a
= aiu %(a?u@l + a1u9194 + alu 94 + a 294 + 9194(&191 + CL194 + 04+ 94))
(
2

a1u91 a1u9194 + a1u294 + a1u92 + a1u204 + ayub104)

a3u?0? (a160,04 + aduby + a207 + ayuby + 010,).
Since

(1102 + 1102) J3 + (1202 + 1205)J1) 05 = aiu?0303(Jy + J2)

aiu?07 (1 + a3)6103 + au(6r + 04)04 + afu®6r + a;ubs(61 + 64)

+(1+af +03)603 + afu®(01 + 04))

afu®0304 (1 + a})0103F + alu(0y + 04) + aru(6y + 04) + (1 + ai + 63)07 + aiu?),

to prove the equation (35), it suffices to prove that

(1+a})0103 + aju(fy + 04) + aru(fy + 04) + (1 + ai + 03)07 + au?
+ a10104 + auby + a0 + ayuby + 010, = 0,

which holds since its left-hand side can be expanded and simplified as

0107 + a20,0% + aduby + ajuby + 03 + ai03 + 05 + atu® + al0104 + a30? + 0104

0163 + ayu + a6y + 04) + a301(07 + aru + a?6y) + 05 + ai07 + 03 + au?
a30104 + a301 (a0, + 04) + 02 + aj0? + 0] + aiu?
= (a36y + a304 + 04 + 0% + ayu)* = 0.

Thus, (33) holds and the proof of the claim is finished. O
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